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HALL POLYNOMIALS FOR TAME TYPE
BANGMING DENG AND SHIQUAN RUAN
Abstract. In the present paper we prove that Hall polynomial exists for each
triple of decomposition sequences which parameterize isomorphism classes of co-
herent sheaves of a domestic weighted projective line X over finite fields. These
polynomials are then used to define the generic Ringel–Hall algebra of X as well
as its Drinfeld double. Combining this construction with a result of Cramer, we
show that Hall polynomials exist for tame quivers, which not only refines a result
of Hubery, but also confirms a conjecture of Berenstein and Greenstein.
To the memory of Professor J. A. Green
1. Introduction
Inspired by the work of Steinitz [31] and Hall [13], Ringel [21, 22] introduced the
Hall algebra H(A) of a finite dimensional algebra A, whose structure constants are
given by the so-called Hall numbers, and proved that if A is hereditary and repre-
sentation finite, then H(A) is isomorphic to the positive part of the corresponding
quantized enveloping algebra. By introducing a bialgebra structure on H(A), Green
[11] then generalized Ringel’s work to arbitrary finite dimensional hereditary alge-
bra A and showed that the composition subalgebra of H(A) generalized by simple
A-modules gives a realization of the positive part of the quantized enveloping algebra
associated with A. The proof of the compatibility of multiplication and comultiplica-
tion on H(A) is based on a marvelous formula arising from the homological properties
of A-modules, called Green’s formula. We remark that Lusztig [16] has obtained a
geometric construction of quantized enveloping algebras in terms of perverse sheaves
on representation varieties of quivers.
In case A is representation finite and hereditary, Ringel [21] showed that the struc-
ture constants of H(A) are actually integer polynomials in the cardinalities of finite
fields. The proof is based on a basic property of the module category of A, namely,
the directedness of its Auslander–Reiten quiver. These polynomials are called Hall
polynomials as in the classical case; see [17]. Then one can define the generic Hall
algebra Hq(A) over the polynomial ring Q[q] and its degeneration H1(A) at q = 1.
It was shown by Ringel [24] that H1(A) is isomorphic to the positive part of the
universal enveloping algebra of the semisimple Lie algebra associated with A. Since
then, much subsequent work was devoted to the study of Hall polynomials for various
classes of algebras. Recently, Hubery [14] provided an elegant proof of the existence of
Hall polynomials for all Dynkin and cyclic quivers by an inductive argument based on
Green’s formula mentioned above. Moreover, he proved that Hall polynomials exist
for all tame (affine) quivers with respect to the decomposition classes of Bongartz
and Dudek [2].
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Inspired by the work of Hubery [14], the main purpose of the present paper is to
study Hall polynomials for coherent sheaves of a domestic weighted projective line X
over finite fields. The key idea is again the use of Green’s formula. More precisely,
we extend the notion of decomposition classes to that of decomposition sequences,
which parameterize isoclasses (isomorphism classes) of coherent sheaves of X over
finite fields, and show that Hall polynomial exists for each triple of decomposition
sequences. These polynomials are then applied to define an algebra Hv(X) which
is a free module over the Laurent polynomial ring Q[v,v−1] with a basis all the
decomposition sequences. By extending Hv(X) via formally adding certain elements
constructed in [4], we obtain the generic Ringel–Hall algebra Hv(X) of X. By further
introducing Green’s pairing on Hv(X), we construct its Drinfeld double DHv(X) over
Q(v). Combining this construction with [6, Prop. 5], we show that Hall polynomials
exist for decomposition sequences associated with a tame quiver. This result refines
the main theorem of Hubery [14] and also confirms a conjecture of Berenstein and
Greenstein [3, Conj. 3.4].
The paper is organized as follows. Section 2 gives a brief introduction on the
category of coherent sheaves over a weighted projective line X and recalls the definition
of the Ringel–Hall algebra of X over a finite field and the Green’s formula as well. In
Section 3 we define decomposition sequences for a domestic weighted projective line
and give some preparatory results which are needed in Section 4 to prove the existence
of Hall polynomials. Section 5 is devoted to defining the generic Hall algebra Hv(X)
of X as well as its Drinfeld double DHv(X). In the final section, we show that Hall
polynomials exist for tame quivers.
2. The category of coherent sheaves over a weighted projective line
In this section we review the category of coherent sheaves over a weighted projective
line and its basic properties, and we also introduce Hall algebras and Green’s formula.
For further fundamental concepts and facts on categories of coherent sheaves over
weighted projective lines and on Hall algebras, we refer to [10, 5] and [26, 29, 7].
2.1. The category of coherent sheaves. Let k be an arbitrary field. A weighted
projective line X = Xk over k is specified by giving a weight sequence p = (p1, p2, . . . , pt)
of positive integers, and a collection λ = (λ1, λ2, . . . , λt) of distinct points in the pro-
jective line P1(k) which can be normalized as λ1 =∞, λ2 = 0, λ3 = 1. More precisely,
let L = L(p) be the rank one abelian group with generators ~x1, ~x2, . . . , ~xt and the
relations
p1~x1 = p2~x2 = · · · = pt~xt =: ~c,
where ~c is called the canonical element of L. Denote by S the commutative algebra
S = k[X1,X2, · · · ,Xt]/a := k[x1, x2, . . . , xt],
where a = (f3, . . . , ft) is the ideal generated by fi = X
pi
i −Xp22 + λiXp11 , i = 3, . . . , t.
Put I = {1, 2, . . . , t}. Then S is L-graded by setting
deg(xi) = ~xi for each i ∈ I.
Moreover, each element ~x ∈ L has the normal form ~x =∑i∈I li~xi+ l~c with 0 ≤ li < pi
and l ∈ Z. We denote by L+ the positive cone of L which consists of those ~x with
l ≥ 0. Finally, the weighted projective line associated with p and λ is defined to be
X = SpecLS.
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According to [10], the set of nonzero prime homogeneous elements in S is par-
titioned into two sets: the exceptional primes x1, . . . , xt and the ordinary primes
f(xp11 , x
p2
2 ), where f(T1, T2) is a prime homogeneous polynomial in k[T1, T2] which are
distinct from T1, T2 and T2−λiT1 for i ∈ I. The exceptional primes correspond to the
points λ1, . . . , λt, called exceptional points and denoted by x1, . . . , xt, respectively,
while the ordinary primes correspond to the remaining closed points of P1(k), called
ordinary points. For convenience, we denote by Hk the set of ordinary points. For
each z ∈ Hk, its degree deg(z) is defined to be the degree of the corresponding prime
homogeneous polynomial.
The category of coherent sheaves on X can be defined as the quotient of the category
of finitely generated L-graded S-modules over the Serre subcategory of finite length
modules, that is,
coh-X := modL(S)/modL0 (S).
The free module S gives the structure sheaf O. Each line bundle is given by the grad-
ing shift O(~x) for a uniquely determined element ~x ∈ L, and there is an isomorphism
Hom(O(~x),O(~y)) ∼= S~y−~x.
Moreover, coh-X is a hereditary abelian category with Serre duality of the form
DExt1(X,Y ) ∼= Hom(Y,X(~ω)),
where D = Homk(−, k), and ~ω := (t− 2)~c−
∑
i∈I ~xi is called the dualizing element of
L. This implies the existence of almost split sequences in coh-X with the Auslander–
Reiten translation τ given by the grading shift with ~ω.
Recall that coh-X admits a splitting torsion pair (coh0-X, vect-X), where coh0-X
and vect-X are full subcategories of torsion sheaves and vector bundles, respectively.
Moreover, coh0-X decomposes as a direct product of orthogonal tubes
coh0-X =
∏
z∈Hk
cohz-X×
∏
i∈I
cohi-X
where each cohz-X is a homogeneous tube, which is equivalent to the category of
nilpotent representations of the Jordan quiver over the residue field kz, while each
cohi-X is a non-homogeneous tube, which is equivalent to the category of nilpotent
representations of the cyclic quiver with pi vertices. By a classical result, the isoclasses
(isomorphism classes) of objects in cohz-X are indexed by partitions, while those in
cohi-X are indexed by multipartitions; see, for example, [25]. More precisely, for each
z ∈ Hk, cohz-X admits a unique simple object Sz and, up to isomorphism, each object
in cohz-X has the form Sk(π, z) = ⊕sr=1Sz[πr], where π = (π1, . . . , πs) is a partition
and Sz[πr] is the unique indecomposable object of length πr. While for each i ∈ I,
there are pi simple objects Si,0, . . . , Si,pi−1 in cohi-X. For each 0 ≤ j ≤ pi − 1 and
l ≥ 1, let Si,j[l] denote the indecomposable object in cohi-X of length l with top Si,j.
It is known that the Grothendieck group K0(X) of coh-X is a free abelian group
with a basis O(~x) with 0 ≤ ~x ≤ ~c, where we still write X ∈ K0(X) for the isoclass
of an object X ∈ coh-X. Let p = l.c.m.(p1, . . . , pt) be the least common multiple
of p1, . . . , pt and δ : L → Z be the homomorphism defined by δ(~xi) = ppi . The
determinant map is the group homomorphism
det : K0(X) −→ L, O(~x) 7−→ ~x.
The rank function on K0(X) is given by the rule rk(O(~x)) = 1 while the degree
function is given by the rule deg(O(~x)) = δ(~x). For each non-zero object X ∈ coh-X,
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define the slope of X as µ(X) =
deg(X)
rk(X)
. The Euler form on K0(X) is given by
〈X,Y 〉 = dimk Hom(X,Y )− dimk Ext1(X,Y ).
for any X,Y ∈ coh-X. Its symmetrization is defined by
(X,Y ) = 〈X,Y 〉+ 〈Y,X〉.
In the present paper we mainly focus on weighted projective lines X of domestic
type, i.e., δ(~ω) < 0. In this case, the Auslander–Reiten quiver Γ(vect-X) of vect-X con-
sists of a single standard component of the form Z∆˜, where ∆˜ is an extended Dynkin
diagram associated with the weight sequence p. Moreover, the full subcategory of
indecomposable vector bundles on X is equivalent to the mesh category of Γ(vect-X).
Furthermore, for any two indecomposable objects X,Y ∈ coh-X, Hom(X,Y ) 6= 0
implies µ(X) ≤ µ(Y ).
The following result will be needed later on.
Lemma 2.1. Let E be an indecomposable vector bundle. Then there is an exact
sequence 0 → L → E → F → 0 in vect-X such that L is a line bundle and
Ext1(F,L) ∼= k.
Proof. Choose a line bundle L of maximal degree such that Hom(L,E) 6= 0. Then we
get an exact sequence
0 −→ L −→ E −→ F −→ 0(2.1)
in coh-X. We claim that F is a vector bundle. Otherwise, there exists a simple
subsheaf S of F , which yields the following pullback commutative diagram:
0 // L // L′

// S

// 0
0 // L // E // F // 0.
This gives a line bundle L′ satisfying that Hom(L′, E) 6= 0 and degL′ > degL,
contradicting the choice of L.
Applying Hom(−, L) to the exact sequence (2.1) gives the exact sequence
0 −→ Hom(L,L) −→ Ext1(F,L) −→ Ext1(E,L).
Note that Hom(L,L) ∼= k and Ext1(E,L) ∼= DHom(L(−~ω), E) = 0 since degL(−~ω) >
degL. Therefore, Ext1(F,L) ∼= k. 
2.2. The Hall algebra of coherent sheaves. Let k be a finite field. Given objects
Z,X1, . . . ,Xt in coh-Xk, define F
Z
X1,... ,Xt
to be the number of filtrations
Z = Z0 ⊇ Z1 ⊇ · · · ⊇ Zt−1 ⊇ Zt = 0
such that Zs−1/Zs ∼= Xs for all 1 ≤ s ≤ t, called the Hall number associated with
Z,X1, . . . ,Xt.
For each object X ∈ coh-Xk, put aX = |Aut(X)|, the cardinality of the automor-
phism group Aut(X) of X. The following result is taken from [20, 18].
Lemma 2.2. Let X,Y,Z be three objects in coh-Xk. Then
FZX,Y =
|Ext1(X,Y )Z |
|Hom(X,Y )| ·
aZ
aXaY
,
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where Ext1(X,Y )Z denotes the subset of Ext
1(X,Y ) consisting of equivalence classes
of exact sequences in coh-X of the form 0→ Y → Z → X → 0.
Now let k be a finite field with q elements and let vq denote the square root
√
q of
q. For each M ∈ coh-Xk, let [M ] denote the isoclass of M . By definition, the Ringel–
Hall algebra H(Xk) of the category of coherent sheaves on Xk is the free module over
the ring Q[vq, v
−1
q ] with basis {[M ] |M ∈ coh-Xk}, and the multiplication is given by
[M ][N ] = v〈M,N〉q
∑
[R], R∈coh-Xk
FRM,N [R].
By a result of Green [11], H(Xk) is a bialgebra with comultiplication defined by
∆k([R]) =
∑
[M ],[N ]
v〈M,N〉q F
R
M,N
aMaN
aR
[M ]⊗ [N ].
In fact, the associativity of multiplication and the coassociativity of comultiplication
follow from the identity ∑
X
FXA,BF
S
X,C =
∑
X
FSA,XF
X
B,C ,
where the sums on both sides are actually taken over isoclasses of objects in coh-Xk,
though we shall often use this more convenient notation. Furthermore, the com-
patibility of multiplication and comultiplication is encoded in following marvellous
formula—the so-called Green’s formula—which plays a fundamental role in the study
of Hall algebras.
Lemma 2.3 ([11]). For each quadruple (M,N,X, Y ) of objects in coh-Xk, we have
the equality
∑
E
FEM,NF
E
X,Y /aE =
∑
A,B,C,D
q−〈A,D〉FMA,BF
N
C,DF
X
A,CF
Y
B,D
aAaBaCaD
aMaNaXaY
.
(2.2)
Following an idea in [14, Sect. 3], if Ext1(X,Y ) = 0, then the left-hand side of (2.2)
contains only one term
FX⊕YM,N F
X⊕Y
X,Y /aX⊕Y ,
which, by Lemma 2.2, is equal to
FX⊕YM,N
aX⊕Y
|Hom(X,Y )|aXaY ·
1
aX⊕Y
= q−〈X,Y 〉
1
aXaY
FX⊕YM,N .
Thus, in this case, Green’s formula (2.2) is simplified to the form
FX⊕YM,N =
∑
A,B,C,D
q〈X,Y 〉−〈A,D〉FMA,BF
N
C,DF
X
A,CF
Y
B,D
aAaBaCaD
aMaN
.(2.3)
2.3. The elements Θ~x, Tr and Zr in H(Xk). As above, let k be a finite field with
q elements. In the following we recall from [4] the definition of some special elements
in the Ringel–Hall algebra H(Xk) which will be needed later on.
By [4, 5.5], for each ~x ∈ L+ with normal form ~x =
∑
i∈I li~xi+ l~c, define the element
Θ~x = Θ~x,q via the formula
∆([O]) = [O]⊗ 1 +
∑
~x∈L+
Θ~x ⊗ [O(−~x)].(2.4)
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Then Θ~x can be written as
Θ~x = v
l+m
q
∑
zj ,nj ,mi
∏
j
(1− v−2 deg(zj)q )×
∏
i∈I,(mi,li)6=(0,0)
(1− v−2q )
[⊕
j
Szj [nj]⊕
⊕
i∈I
Si,0[mipi + li]
]
,
(2.5)
wherem = |{i | li 6= 0}|, and the sum ranges over all tuples of distinct ordinary points
zj and nonnegative integers nj, mi satisfying
∑
j nj deg(zj) +
∑
i∈I mi = l.
However, the definition of the elements Tr = Tr,q and Zr = Zr,q in H(Xk) for all
r ≥ 1 are rather complicated, so we refer to [4, Sect. 6]. We emphasize that the Zr
commute with [S] for all torsion sheaves S in coh-Xk.
3. Hall polynomials for a domestic weighted projective line
In this section, we introduce the notion of Hall polynomials and prove that Hall
polynomials exist for a domestic weighted projective line.
As in the previous section, let X = Xk be a domestic weighted projective line over
a finite field k. By χ = χ(X) we denote the set of isoclasses of objects in coh-X which
clearly depends on the ground field k. Let χt and χf be the subsets of χ consisting
of the isoclasses of torsion sheaves and vector bundles, respectively. Further, let
χnh be the subset formed by the isoclasses of sheaves without homogeneous regular
summands. In other words, χnh consists of isoclasses of sheaves whose indecomposable
summands are either vector bundles or torsion sheaves lying in non-homogeneous
tubes. Hence, the set χnh can be described combinatorially and is independent of
k. Moreover, each sheaf in a homogeneous tube corresponding to a point in Hk is
determined by a partition. For each α ∈ χ, we fix a representative Sk(α) in the
class α. Given α, β ∈ χ, we write α ⊕ β for the isoclass of Sk(α) ⊕ Sk(β). Thus,
each α ∈ χ can be uniquely decomposed as α = αt ⊕ αf with Sk(αt) ∈ coh0-X and
Sk(αf ) ∈ vect-X.
3.1. Segre sequences and Hall polynomials. A Segre sequence is a sequence λ =
((λ(1), d1), (λ
(2), d2), . . . , (λ
(r), dr)) of pairs (λ
(i), di), where λ
(i) are partitions and di
are positive integers with d1 ≤ d2 ≤ · · · ≤ dr. Such a sequence is said to be of type
d = (d1, d2, . . . , dr). If all λ
(i) are the empty partition, then we simply write λ = ∅.
A decomposition sequence of type d is by definition a pair α = (α, λ), where α ∈ χnh
and λ is a Segre sequence of type d.
Remark 3.1. For a partition π and a positive integer d, by inserting the pair (π, d) to
a Segre sequence λ = ((λ(1), d1), (λ
(2), d2), . . . , (λ
(r), dr)) we mean the Segre sequence
µ := ((λ(1), d1), . . . , (λ
(i), di), (π, d), (λ
(i+1) , di+1) . . . , (λ
(r), dr)),
where 1 ≤ i ≤ r satisfies di ≤ d < di+1. In this case, we also say that λ is obtained
from µ by removing the pair (π, d). In particular, any finitely many Segre sequences
can be converted to Segre sequences of same type via inserting and removing some
pairs (∅, d). Finally, two decompositions sequences α = (α, λ) and β = (β, µ) are
identified if α = β and λ can be obtained from µ by inserting and removing some
pairs (∅, d).
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For a finite field k, denote by Xk(d) the set of sequences z = (z1, . . . , zr) of pairwise
distinct points in Hk with deg(zi) = di. Note that the cardinality of Xk(d) depends on
the ground field k, and Xk(d) is possibly empty. However, Xk(d) 6= ∅ when |k| ≫ 0.
For each Segre sequence λ of type d and z = (z1, . . . , zr) ∈ Xk(d), define
Sk(λ, z) :=
r⊕
i=1
Sk(λ
(i), zi) ∈ coh-Xk,
where Sk(λ
(i), zi) ∈ cohzi-Xk is determined by the partition λ(i). Further, for each
decomposition sequence α = (α, λ) of type d, define
Sk(α, z) := Sk(α)⊕ Sk(λ, z).
If λ = ∅, then α = (α, ∅) ∈ χnh and Sk(α) = Sk(α). Clearly, Sk(α, z) ∈ vect-Xk if
and only if α = αf ∈ χf and λ = ∅. In this case, α is said to be of torsion-free type
(we also simply write α ∈ χf ), and we write Sk(α, z) = Sk(α) = Sk(α). Furthermore,
Sk(α, z) ∈ coh0-Xk if and only if α ∈ χnh ∩χt. In this case, α is said to be of torsion
type.
Given α = (α, λ) of type d = (d1, . . . , dr), if µ is obtained from λ by removing a pair
(∅, ds), where 1 ≤ s ≤ r and ds < ds+1, then µ is of type d′ = (d1, . . . , ds−1, ds+1, . . . , dr)
and, moreover, for each z = (z1, . . . , zr) ∈ Xk(d),
Sk(α, z) ∼= Sk((α, µ), z′),
where z′ = (z1, . . . , zs−1, zs+1, . . . , zr) ∈ Xk(d′). Therefore, by setting β = (α, µ), the
two sets
{Sk(α, z) | z ∈ Xk(d)} and {Sk(β, z′) | z′ ∈ Xk(d′)}
give rise to the same family of isoclasses of coherent sheaves in coh-Xk.
By S we denote the set of all decomposition sequences (up to the identification in
Remark 3.1) and by St (resp., Sf ) its subset of decomposition sequences of torsion
type (resp., torsion-free type). Note that Sf can be identified with χf which is a
subset of χnh. Now for each α = (α, λ) ∈ S, the decomposition α = αt ⊕ αf gives
two decomposition sequences
αt = (αt, λ) ∈ St and αf = (αf , ∅) ∈ Sf
such that for each z ∈ Xk(d),
Sk(αt, z) = Sk(α, z)t and Sk(αf , z) = Sk(α, z)f = Sk(αf ).
We simply write α = αt ⊕αf .
Give α,β ∈ S of type d, it is easy to see from the definition that the value
〈Sk(α, z), Sk(β, z)〉 is a constant for any field k with |k| ≫ 0 and z ∈ Xk(d). Thus,
we simply put
〈α,β〉 = 〈Sk(α, z), Sk(β, z)〉 and (α,β) = 〈α,β〉+ 〈β,α〉.
Definition 3.2. Given α,β,γ ∈ S of type d, if there exists a polynomial ϕγα,β ∈ Z[T ]
such that for each finite field k of q elements with q ≫ 0,
ϕγα,β(q) = F
Sk(γ,z)
Sk(α,z),Sk(β,z)
for all z ∈ Xk(d),
then we say that the Hall polynomial ϕγα,β exists for α, β and γ.
One of our main purposes in the present paper is to prove the following result.
Theorem 3.3. For arbitrary α,β,γ ∈ S of type d, the Hall polynomial ϕγα,β exists.
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The theorem will be proved in the next section. In the following we present some
preparatory results which will be needed for the proof of the main theorem.
Lemma 3.4 ([21]). Let φ,ψ ∈ Z[T ] and assume ψ is monic. Then ψ divides φ if and
only if the integer ψ(q) divides the integer φ(q) for infinitely many q ∈ Z.
Lemma 3.5. Given decomposition sequences α and β of type d, there exists a monic
integer polynomial hα,β ∈ Z[T ] such that for any finite field k of q elements with
q ≫ 0,
hα,β(q) = |Hom(Sk(α, z), Sk(β, z))| for all z ∈ Xk(d).
Proof. Assume α = (α, λ) and β = (β, µ) with α, β ∈ χnh and λ, µ are Segre se-
quences. Since the Hom-functor commutes with direct sum, it suffices to prove the
lemma when both Sk(α, z) and Sk(β, z) are indecomposable. Thus, α = 0 or λ = ∅,
and β = 0 or µ = ∅. We treat each of the four cases as follows:
(i) Case λ = ∅ and µ = ∅. Then the assertion follows from the fact that χnh can
be described combinatorially.
(ii) Case α = 0 and β = 0. Then Sk(α, z) and Sk(β, z) are Hom-orthogonal or
belong to the same tube. This case follows from the representation theory of
a cyclic quiver; see [25, 12].
(iii) Case λ = ∅ and β = 0. Then Ext1(Sk(α, z), Sk(β, z)) = 0. By Riemann–Roch
formula in [10],
rkαdegβ =
p∑
i=1
〈Sk(α, z), τ iSk(β, z)〉 = p dimk Hom(Sk(α, z), Sk(β, z)).
Thus,
dimk Hom(Sk(α, z), Sk(β, z)) =
1
p
rkα degβ,
which is an integer (since p divides degβ) and independent of the field k, as
desired.
(iv) Case α = 0 and µ = ∅. This case can be proved by an argument similar to
that in case (iii).

The following is an easy consequence of the lemma above.
Lemma 3.6. Given a decomposition sequence α of type d, there exists a monic integer
polynomial aα ∈ Z[T ] such that, for any finite field k of q elements with q ≫ 0,
aα(q) = |Aut(Sk(α, z))| for all z ∈ Xk(d).
Proposition 3.7. If α,β,γ ∈ Sf , then the Hall polynomial ϕγα,β exists. If, moreover,
Ext1(Sk(α), Sk(β)) ∼= k, then ϕγα,β is monic.
Proof. By the assumption, we can write α = (α, ∅), β = (β, ∅), and γ = (γ, ∅) for
α, β, γ ∈ χf .
Let k be a finite field and take a complete slice S in vect-Xk, which gives a
tilting bundle T , such that every indecomposable direct summand of Sk(α), Sk(β)
and Sk(γ) is generated by T . For instance, the slice S can be taken such that each
indecomposable direct summand of Sk(α), Sk(β) and Sk(γ) lies on the right hand
side of the slice in the Auslander–Reiten quiver of vect-Xk. It is well known that the
endomorphism algebra Λ := End(T ) is tame hereditary and F := Hom(T,−) induces
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an equivalence between certain exact full subcategories of coh-Xk and mod-Λ. In
particular, the images of Sk(α), Sk(β) and Sk(γ) under F belong to the preprojective
component of mod-Λ. Then the existence of ϕγα,β follows from the fact that Hall
polynomials exists for any three preprojective Λ-modules. (Note that the latter can
be proved by using the arguments similar to those in [21, Th. 1].)
Now assume Ext1(Sk(α), Sk(β)) ∼= k. Thus,
|Ext1(Sk(α), Sk(β))Sk(γ)| = 0, 1, or |k| − 1.
By Lemma 2.2, we have
F
Sk(γ)
Sk(α),Sk(β)
=
|Ext1(Sk(α), Sk(β))Sk(γ)|
|Hom(Sk(α), Sk(β))|
|Aut(Sk(γ))|
|Aut(Sk(α))||Aut(Sk(β))| .
Then each term on the right hand side of the above equality is a monic integer
polynomial in |k|. This implies that ϕγα,β is monic. 
Proposition 3.8. Let α = (α, λ), β = (β, µ) and γ = (γ, ν) be decomposition
sequences of type d = (d1, . . . , dr). If α,β,γ ∈ St, then the Hall polynomial ϕγα,β
exists. Moreover, for fixed decomposition sequences α and β of torsion type, there
are only finitely many decomposition sequences γ, and vice versa, such that ϕγα,β 6= 0.
Proof. Let k be a finite field. Since there are no nonzero homomorphisms between
objects in distinct tubes of coh-Xk, we have for each z = (z1, . . . , zr) ∈ Xk(d),
F
Sk(γ,z)
Sk(α,z),Sk(β,z)
= F
Sk(γ)
Sk(α),Sk(β)
F
Sk(ν,z)
Sk(λ,z),Sk(µ,z)
= F
Sk(γ)
Sk(α),Sk(β)
r∏
i=1
F
Sk(ν
(i),zi)
Sk(λ(i),zi),Sk(µ(i),zi)
.
By the existence of Hall polynomials for nilpotent representations of cyclic quivers
(including the classical case; see [25, 12, 13, 17]), the Hall polynomials ϕγα,β(T ) and
ϕν
(i)
λ(i),µ(i)
(T ) (1 ≤ i ≤ r) exist. Therefore, the polynomial
ϕγα,β(T )
r∏
i=1
ϕν
(i)
λ(i),µ(i)
(T di) ∈ Z[T ]
is the required Hall polynomial ϕγα,β(T ).
The second assertion follows from the properties of Hall polynomials for nilpotent
representations of a cyclic quiver. 
4. Proof of Theorem 3.3
This section is devoted to proving Theorem 3.3. In the following we always assume
that α = (α, λ),β = (β, µ), and γ = (γ, ν) are decomposition sequences of type d.
Further, for a finite field k and z ∈ Xk(d), we will simply put
M =Mk(z) := Sk(α, z), N = Nk(z) := Sk(β, z), and Z = Zk(z) := Sk(γ, z).
4.1. Reduction 1. To prove Theorem 3.3, it suffices to prove the existence of Hall
polynomials ϕγα,β for all α,β,γ ∈ S with γ ∈ Sf = χf .
Proof. If γ is of torsion type and F
Zk(z)
Mk(z),Nk(z)
6= 0 for some finite field k = Fq and
z ∈ Xk(d), then both α and β are of torsion type. Thus, the existence of ϕγα,β follows
from Proposition 3.8.
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Now assume Zk(z) = Zk(z)t ⊕ Zk(z)f with Zk(z)t 6= 0 and Zk(z)f 6= 0 for some
finite field k = Fq and z ∈ Xk(d). Since Ext1(Zk(z)f , Zk(z)t) = 0, applying the
formula (2.3) to the quadruple (M,N,Zf , Zt) = (Mk(z), Nk(z), Zk(z)f , Zk(z)t) gives
the equality
FZM,N =
∑
A,B,C,D
q〈Zf ,Zt〉−〈A,D〉FMA,BF
N
C,DF
Zf
A,CF
Zt
B,D
aAaBaCaD
aMaN
.
On the one hand, FZtB,D 6= 0 implies that B,D ∈ coh0-Xk, i.e., B = Bt and D =
Dt, while F
Zf
A,C 6= 0 implies C ∈ vect-Xk, i.e., C = Cf . On the other hand, since
Ext1(vect-Xk, coh0-Xk) = 0, we obtain that D = Nt and C = Nf . Moreover, the
associativity of Hall numbers implies that
FMA,Bt =
∑
E
FEAf ,AtF
M
E,Bt =
∑
E
FMAf ,EF
E
At,Bt =
∑
Et
FMAf ,EtF
Et
At,Bt
= δAf ,MfF
Mt
At,Bt
.
Thus,
FZM,N =
∑
A,B∈coh0-Xk
q〈Zf ,Zt〉−〈A⊕Mf ,Nt〉FMtA,BF
Zf
A⊕Mf ,Nf
FZtB,Nt
aA⊕MfaBaNfaNt
aMaN
.
Since Mt = Sk(αt, z) with αt = (αt, λ), F
Mt
A,B 6= 0 implies that
A = Sk(ξ, z) and B = Sk(η, z)
for ξ,η ∈ S of type d. Moreover, by Proposition 3.8, there are only finitely many
such pairs (ξ,η). Hence, we conclude that
FZM,N =
∑
ξ,η∈S
q〈Zf ,Zt〉−〈Sk(ξ,z)⊕Mf ,Nt〉FMt
Sk(ξ,z),Sk(η,z)
F
Zf
Sk(ξ,z)⊕Mf ,Nf
FZt
Sk(η,z),Nt
× aSk(ξ,z)⊕MfaSk(η,z)aNfaNt
aMaN
,
where the sum, as indicated above, is essentially a finite sum. Applying Proposition
3.8 again shows that FMt
Sk(ξ,z),Sk(η,z)
and FZt
Sk(η,z),Nt
are given by Hall polynomials ϕαtξ,η
and ϕ
γt
η,βt
, respectively. By Lemmas 3.4 and 3.6, the existence of Hall polynomial
ϕγα,β follows from that of Hall polynomials ϕ
γf
ξ⊕αf ,βf
. 
4.2. Reduction 2. To prove Theorem 3.3, it suffices to prove the existence of Hall
polynomials ϕγα,β for all α ∈ St and β,γ ∈ Sf .
Proof. By Reduction 1, we can assume that γ ∈ Sf and, thus, β ∈ Sf since vect-X
is closed under subobjects. Thus, γ = (γ, ∅) and β = (β, ∅) for some γ, β ∈ χf . If
α ∈ Sf , then the existence of ϕγα,β follows from Proposition 3.7.
Now assume M = Sk(α, z) = Mt ⊕Mf with Mt 6= 0 and Mf 6= 0 for some finite
field k and z ∈ Xk(d). Associativity of Hall numbers implies that
FZM,N =
∑
E
FEMf ,MtF
Z
E,N =
∑
E
FZMf ,EF
E
Mt,N ,
where N = Sk(β) and Z = Sk(γ). The term F
Z
Mf ,E
FEMt,N 6= 0 implies that E ∈
vect-Xk and there are embeddings N →֒ E →֒ Z. Thus, there are only finitely many
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isoclasses of such E’s and E = Sk(θ) for some θ ∈ Sf . Hence,
FZM,N =
∑
θ∈χf
FZMf ,Sk(θ)F
Sk(θ)
Mt,N
.
By Proposition 3.7, FZ
Mf ,Sk(θ)
is given by the Hall polynomial ϕγαf ,θ. Therefore, the
existence of ϕγα,β follows from that of the ϕ
θ
αt,β
. 
4.3. Reduction 3. Let t be an integer with t ≥ 2. Suppose that Hall polynomials
exist for all α ∈ St and β,γ ∈ Sf with rkγ < t. Then the Hall polynomial ϕγα,β also
exists for α ∈ St and β,γ ∈ Sf with rkγ = t.
Proof. Take α ∈ St and β,γ ∈ Sf with rkγ = t. Let k = Fq be a finite field. If
Z = Sk(γ) is decomposable, we can write γ = γ1 ⊕ γ2 with Z1 = Sk(γ1) 6= 0,
Z2 = Sk(γ2) 6= 0, and Ext1(Z2, Z1) = 0. Applying (2.3) to the quadruple (M =
Sk(α, z), N = Sk(β), Z2, Z1), we obtain the equality
FZM,N =
∑
A,B,C,D
q〈Z2,Z1〉−〈A,D〉FMA,BF
N
C,DF
Z2
A,CF
Z1
B,D
aAaBaCaD
aMaN
.
On the one hand, FZ2A,C 6= 0 implies that C is a subobject of Z2 and
degC = degZ2 − degA ≥ degZ2 − degM.
Thus, there are only finitely many such C’s and each of them has the form C = Sk(θ)
for some θ ∈ Sf . Similarly, FZ1B,D 6= 0 implies that D = Sk(σ) for finitely many choices
of σ ∈ Sf . On the other hand, since M = Sk(α, z) is a torsion sheaf, we have by
Proposition 3.8 that FMA,B 6= 0 implies that A = Sk(ξ, z) and B = Sk(η, z) for some
ξ,η ∈ St of type d and, moreover, there are only finitely many such pairs (ξ,η).
Therefore,
FZM,N =
∑
ξ,η∈St; θ,σ∈Sf
q〈Z2,Z1〉−〈Sk(ξ,z),Sk(σ)〉FMSk(ξ,z),Sk(η,z)F
N
Sk(θ),Sk(σ)
FZ2
Sk(ξ,z),Sk(θ)
× FZ1
Sk(η,z),Sk(σ)
aSk(ξ,z)aSk(ξ,z)aSk(θ)aSk(σ)
aMaN
.
By Propositions 3.7 and 3.8, FN
Sk(δ),Sk(σ)
and FM
Sk(ξ,z),Sk(η,z)
are given by Hall poly-
nomials ϕγδ,σ and ϕ
α
ξ,η, respectively. Since rkZ1 < rkZ = t and rkZ2 < rkZ = t,
we have by the induction hypothesis that FZ2
Sk(ξ,z),Sk(θ)
and FZ1
Sk(η,z),Sk(σ)
are given by
Hall polynomials, too. Applying Lemmas 3.6 and 3.4 gives the existence of ϕγα,β.
Now suppose that Z = Sk(γ) is indecomposable. Since rkZ = t ≥ 2, it follows
from Lemma 2.1 that there is an exact sequence 0 → L → Z → Z ′ → 0 with L a
line bundle and Z ′ a vector bundle such that Ext1(Z ′, L) ∼= k. Applying (2.2) to the
quadruple (M,N,Z ′, L), we have
∑
E
FEM,NF
E
Z′,L/aE =
∑
A,B,C,D
q−〈A,D〉FMA,BF
N
C,DF
Z′
A,CF
L
B,D
aAaBaCaD
aMaNaZ′aL
.
Since every extension of Z ′ by L is isomorphic either to Z or to Z ′⊕L, it follows that∑
E
FEM,NF
E
Z′,L/aE = F
Z
M,NF
Z
Z′,L/aZ + F
Z′⊕L
M,N F
Z′⊕L
Z′,L /aZ′⊕L.
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Consequently, we obtain that
FZM,N =
aZ
FZZ′,L
∑
A,B,C,D
q−〈A,D〉FMA,BF
N
C,DF
Z′
A,CF
L
B,D
aAaBaCaD
aMaNaZ′aL
− aZ
aZ′⊕LF
Z
Z′,L
FZ
′⊕L
M,N F
Z′⊕L
Z′,L .
By similar arguments as above, the sum on the right-hand side is finite and each Hall
number occurring in the sum, as well as FZ
′⊕L
M,N (since Z
′ ⊕ L is decomposable), is
given by an integer polynomial. By Lemma 2.2, it is direct to see that FZ
′⊕L
Z′,L is given
by an integer polynomial. Further, by Proposition 3.7, FZZ′,L is given by a monic
polynomial. Therefore, ϕγα,β exists by Lemma 3.4. 
4.4. The proof of Theorem 3.3. Combining Reductions 1, 2 and 3, we are reduced
to prove the existence of the Hall polynomials ϕγα,β for the case where α ∈ St,
β,γ ∈ Sf with rkγ = 1.
Let k be a field and z = (z1, . . . , zr) ∈ Xk(d). As above, put Z = Sk(γ), M =
Sk(α, z) and N = Sk(β). By taking a grading shift, we may assume that N = O and
Z = O(~u) for some ~u ∈ L+. We now use associativity together with an induction on
the determinant det ~u to prove the assertion.
If M supports at more than two distinct points, then M admits a non-trivial
decomposition M =M1⊕M2 such that M1 and M2 have disjoint supports. It follows
that
Ext1(M1,M2) = 0 = Ext
1(M2,M1).
By associativity, we have
F
O(~u)
M,O =
∑
E
FEM2,M1F
O(~u)
E,O =
∑
O(~v)
F
O(~u)
M2,O(~v)
F
O(~v)
M1,O
=
∑
0<~v<~u
F
O(~u−~v)
M2(−~v),O
F
O(~v)
M1,O
.
By induction on det ~u, all the terms on the right-hand side are given by Hall polyno-
mials. This shows the existence of ϕγα,β.
Now we assume that M supports at a single point. Then F
O(~u)
M,O 6= 0 implies that
there is a surjection O(~u) ։ M , which ensures that M is indecomposable; see, e.g.,
[29, Ex. 4.12]. If M has quasi-Loewy length ℓ ≥ 2, then there is an exact sequence
0 → M ′ → M → S → 0, where S is quasi-simple. Associativity of Hall numbers
implies that
FMS,M ′F
O(~u)
M,O + F
S⊕M ′
S,M ′ F
O(~u)
S⊕M ′,O =
∑
O(~v)
F
O(~u)
S,O(~v)F
O(~v)
M ′,O =
∑
0<~v<~u
F
O(~u−~v)
S(−~v),OF
O(~v)
M ′,O.
Clearly, F
O(~u)
S⊕M ′,O = 0 and F
M
S,M ′ = 1. Thus,
F
O(~u)
M,O =
∑
0<~v<~u
F
O(~u−~v)
S(−~v),OF
O(~v)
M ′,O
is given by an integer polynomial by an inductive argument on det ~u.
Now assume M is a quasi-simple sheaf. If M = Si,j lies in a non-homogeneous
tube, then F
O(~u)
Si,j ,O
= 1 for ~u = ~xi and j = 1, and zero otherwise. If M ∈ cohz-Xk for
some z ∈ Hk with r = deg(z), then FO(~u)M,O = 1 for ~u = r~c and it is zero otherwise. In
both cases, the Hall polynomial ϕγα,β exists.
This finishes the proof of Theorem 3.3.
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Let k be a finite field and X ∈ coh-Xk. Then for each field extension k ⊆ K,
XK := X ⊗k K is an object in coh-XK . A finite field extension K of k is said to
be conservative relative to X if for each indecomposable summand Y of X, Y K is
indecomposable in coh-XK . In general, given a finite set X = {X1, . . . ,Xm} of
objects in coh-Xk, a finite field extension K of k is said to be conservative relative to
X if K is conservative relative to each Xi for 1 ≤ i ≤ m. Note that there always
exist infinitely many conservative field extensions of k relative to X .
Corollary 4.1. Fix a finite field k and three objects M,N,Z in coh-Xk. Then there
exists a polynomial ϕZM,N ∈ Z[T ] such that for each conservative field extension K of
k relative to {M,N,Z},
ϕZM,N (|K|) = FZ
K
MK ,NK .
Proof. Choose decomposition sequences α = (α, λ),β = (β, µ),γ = (γ, ν) of the same
type, say of type d = (d1, . . . , dr), and z = (z1, . . . , zr) ∈ Xk(d) such that
M = Sk(α, z), N = Sk(β, z), and Z = Sk(γ, z).
Moreover, we can assume that for each 1 ≤ i ≤ r, one of the partitions λ(i), µ(i), ν(i)
is not the empty partition. Thus, if K is a conservative field extension of k relative
to {M,N,Z}, then z ∈ XK(d) and
MK = SK(α, z), N
K = SK(β, z), and Z
K = SK(γ, z).
By Theorem 3.3, ϕγα,β is the desired polynomial ϕ
Z
M,N . 
5. Generic Hall algebra of X and its Drinfeld double
In this section, we define the (generic) Hall algebra of a domestic weighted projec-
tive line X as well as its Drinfeld double by using the Hall polynomials given in the
previous sections.
5.1. Generic Hall algebra. By 2.2, for each finite field k, we have the Ringel–Hall
algebra H(Xk) of the category of coherent sheaves on Xk defined over k.
Recall the set of decomposition classes S over X defined in Section 3 and the Hall
polynomial ϕγα,β(T ) ∈ Z[T ] for each triple α,β,γ ∈ S of the same type. Let Q[v,v−1]
be the Laurent polynomial ring with indeterminate v and put
Hv(X) :=
⊕
α∈S
Q[v,v−1]uα,
that is, the free Q[v,v−1]-module with basis {uα | α ∈ S}. For α,β ∈ S, define their
multiplication by
uαuβ = v
〈α,β〉
∑
γ∈S
ϕγα,β(v
2)uγ ,
where α and β are thought of same type in the sense of Remark 3.1 and the sum is
taken over all γ ∈ S of the same type. Note that for fixed α,β ∈ S, there are only
finitely many γ satisfying ϕγα,β(T ) 6= 0. If α = (α, ∅), we sometimes write uα = u[S(α)]
for computational purpose, e.g., u[O], u[Si,j ], etc.
Proposition 5.1. The Q[v,v−1]-module Hv(X) endowed with the multiplication de-
fined above becomes an associative algebra with identity 1 = u0, where 0 denotes the
decomposition class (0, ∅).
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Proof. We need to show the associativity of the multiplication. Take arbitraryα,β,γ ∈
S. On the one hand, we have
(uαuβ)uγ = v
〈α,β〉
∑
θ∈S
ϕθα,β(v
2)uθuγ = v
〈α,β〉
∑
θ∈S
ϕθα,β(v
2)
(
v〈θ,γ〉
∑
δ∈S
ϕδθ,γ(v
2)uδ
)
= v〈α,β〉+〈α,γ〉+〈β,γ〉
∑
δ∈S
(∑
θ∈S
ϕθα,β(v
2)ϕδθ,γ(v
2)
)
uδ.
On the other hand,
uα(uβuγ) = v
〈α,β〉+〈α,γ〉+〈β,γ〉
∑
δ∈S
(∑
θ∈S
ϕδα,θ(v
2)ϕθβ,γ(v
2)
)
uδ.
Thus, to prove the associativity, it suffices to show that∑
θ∈S
ϕθα,β(T )ϕ
δ
θ,γ(T ) =
∑
θ∈S
ϕδα,θ(T )ϕ
θ
β,γ(T ).(5.1)
By the definition, for each finite field k with q = |k| ≫ 0 and z ∈ Xk(d),∑
θ∈S
ϕθα,β(q)ϕ
δ
θ,γ(q) =
∑
θ∈S
F
Sk(θ,z)
Sk(α,z),Sk(β,z)
F
Sk(δ,z)
Sk(θ,z),Sk(γ,z)
= F
Sk(δ,z)
Sk(α,z),Sk(β,z),Sk(γ,z)
=
∑
θ∈S
φδα,θ(q)φ
θ
β,γ(q),
where the second equality follows from the associativity of the Ringel–Hall algebra
H(Xk). Hence, the left and right hand sides of (5.1) take the same values for prime
power q ≫ 0. In conclusion, (5.1) holds. 
Form now onwards, let Q denote the set of all prime powers (6= 1). For each
q ∈ Q, let Fq denote the field with q elements and set vq = √q. We will simply write
Xq = XFq , Sq(α, z) = SFq(α, z), etc. Consider the infinite direct product∏
q∈Q
H(Xq)
which clearly carries a natural structure of an associative algebra whose multiplication
is defined componentwise, that is, for any (aq)q, (bq)q ∈
∏
qH(Xq),
(aq)q · (bq)q = (aqbq)q.
Let I be the ideal of∏qH(Xq) generated by the elements (aq)q with aq = 0 for q ≫ 0.
Then the quotient
Ĥ(X) =:
∏
q∈Q
H(Xq)/I
becomes an associative algebra, too. In other words, elements in Ĥ(X) are equivalence
classes under the equivalence relation ∼ defined by
(aq)q ∼ (bq)q ⇐⇒ aq = bq for q ≫ 0.
It is clear that the element v˜ = (vq)q is invertible and does not satisfy any polynomial
equation over Q in Ĥ(X). Thus, by identifying v˜ with v, Ĥ(X) can be viewed as an
algebra over the Laurent polynomial ring Q[v,v−1].
In what follows, for each q ∈ Q, we fix a total ordering 4 of all points in HFq such
that x 4 y implies deg(x) ≤ deg(y). The chain of points in HFq of degree d is denoted
by
yd,1 ≺ yd,2 ≺ · · · ≺ yd,ζd ,
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where ζd is the number of points of degree d in HFq . For each given α ∈ S of type
d = (d1, . . . , dr), we fix an element z = zα,q = (z1, . . . , zr) ∈ XFq(d) such that for
each d1 ≤ d ≤ dr,
(zi, . . . , zj) = (yd,1, . . . , yd,j−i+1),
where di−1 < d = di = · · · = dj < dj+1. In fact, z is independent of α. In particular,
if two decomposition sequences α = (α, λ) and β = (β, µ) can be identified in the
sense of Remark 3.1, then Sq(α, zα,q)
∼= Sq(β, zβ,q).
Proposition 5.2. The assignment uα 7→ ([Sq(α, zα,q)])q,α ∈ S, defines an embed-
ding of Q[v,v−1]-algebras
Φ : Hv(X) −→ Ĥ(X) =
∏
q∈Q
H(Xq)/I.
Proof. The injectivity of Φ is obvious. We need to check that Φ is an algebra homo-
morphism. For any α,β ∈ S (of same type), we have by the definition that
uαuβ = v
〈α,β〉
∑
γ∈S
ϕγα,β(v
2)uγ .
Furthermore, the q-component of Φ(uα)Φ(uβ) is given by
[Sq(α, z)][Sq(β, z)] = v
〈Sq(α,z),Sq(β,z)〉
q
∑
Sq(γ,z)
F
Sq(γ,z)
Sq(α,z),Sq(β,z)
[Sq(γ, z)],
where z = zα,q = zβ,q = zγ,q, while the q-component of Φ(uαuβ) is given by
v〈α,β〉q
∑
γ
ϕγα,β(q)[Sq(γ, z)].
By Theorem 3.3, ϕγα,β(q) = F
Sq(γ,z)
Sq(α,z),Sq(β,z)
for q ≫ 0. Hence, Φ(uαuβ) = Φ(uα)Φ(uβ),
as desired. 
From now on, we will identifyHv(X) with the subalgebra Φ(Hv(X)) of Ĥ(X). Thus,
we will use the notation uα to denote its image Φ(uα) in Ĥ(X).
Recall the elements Tr,q, Zr,q and Θ~x,q in H(Xq) introduced in §2.3 for all r ≥ 1,
~x ∈ L, and q ∈ Q. Set
Zr := (Zr,q)q, Tr := (Tr,q)q, Θ~x := (Θ~x,q)q ∈ Ĥ(X) =
∏
q∈Q
H(Xq)/I.
Let Hv(X) be the Q[v,v−1]-subalgebra of Ĥ(X) generated by Hv(X) and Zr for r ≥ 1
and put
Hv(X) = Hv(X)⊗Q[v,v−1] Q(v).
Both Hv(X) and Hv(X) are called the generic Hall algebras of X.
Proposition 5.3. For all r ≥ 1 and ~x ∈ L+, Tr and Θ~x lie in Hv(X). Moreover,
Hv(X) can be also generated by Hv(X) together with one of the following sets:
(I) {Tr | r ≥ 1}; (II) {Θr~c | r ≥ 1}; (III) {Θ~x | ~x ∈ L+}.
Proof. By [4, Prop. 5.6], for every q ∈ Q and r > 0, Tr,q − Zr,q belongs to the
subalgebra of H(Xq) generated by [Si,j] for i ∈ I and 0 ≤ j ≤ pi − 1. It follows that
all Tr − Zr belong to the subalgebra of Hv(X) generated by the u[Si,j ]. Hence,
〈Hv(X), Tr | r ≥ 1〉 = 〈Hv(X), Zr | r ≥ 1〉.
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By [29, Ex. 4.12] and [4, Lem. 5.20], we get that
1 +
∑
r≥1
Θr~ct
r = exp
(
(v − v−1)
∑
r≥1
Trt
r
)
.(5.2)
This implies that
〈Hv(X), Tr | r ≥ 1〉 = 〈Hv(X),Θr~c | r ≥ 1〉.
Moreover, by [4, Prop. 5.21], we have Θ~x ∈ 〈Hv(X),Θr~c | r ≥ 1〉 for ~x ∈ L+. This
finishes the proof. 
Let L denote the set of infinite sequences of nonnegative integers l = (lr)r≥1 satis-
fying
∑
r lr <∞. For each l ∈ L, set
Zl =
∏
r≥1
Z lrr , Tl =
∏
r≥1
T lrr , and Θl =
∏
r≥1
Θlr
r~c
.
Proposition 5.4. Each of the following three sets
{uαZl | α ∈ S, l ∈ L}, {uαTl | α ∈ S, l ∈ L}, and {uαΘl | α ∈ S, l ∈ L}
is a Q(v)-basis of Hv(X).
Proof. We only prove that Z := {uαZl | α ∈ S, l ∈ L} is a Q(v)-basis of Hv(X).
This together with the arguments in the proof of Proposition 5.3 implies that the
other two sets are Q(v)-bases, too.
By the definition, Hv(X) is spanned by Z . It remains to show that Z is a linearly
independent set. For each α ∈ S and l ∈ L, we have
uαZl = uαfuαtZl,
where α = αf ⊕ αt with αf ∈ Sf and αt ∈ St. Then for each q ∈ Q, the q-th
component of uαZl is
[Sq(αf )][Sq(αt, zα,q)]Zl,q,
where Zl,q =
∏
r≥1(Zr,q)
lr . Let Hf (Xq) (resp., H
t(Xq)) be the Q[vq, v
−1
q ]-subalgebra
of H(Xq) generated by [S] with S all the torsion-free (resp., torsion) sheaves. Then
the multiplication map
Hf (Xq)⊗Q[vq,v−1q ] H
t(Xq)
mult−→ H(Xq)
is an isomorphism of Q[vq, v
−1
q ]-modules. Thus, it suffices to prove that the set
{[Sq(α, zα,q)]Zl | α ∈ St, l ∈ L}
is linearly independent in H(Xq) for q ≫ 0. By the construction of Zr,q given in [29],
this is reduced to prove that for each fixed l ∈ L, the set {[Sq(α, zα,q)]Zl | α ∈ St} is
linearly independent.
By [27, 15] and [4, Sect. 5], the elements Zr,q are central in H
t(Xq), and for each
l ∈ L, multiplication by Zl,q
Ht(Xq) −→ Ht(Xq), a 7−→ aZl,q
is injective. Therefore, for q ≫ 0, the set
{[Sq(α, z)]Zl,q | α ∈ St}
is linearly independent. We conclude that
Z = {uαZl | α ∈ S, l ∈ L}
is a linearly independent set, as desired. 
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Proposition 5.5. The following relations hold in Hv(X):
(1) [Zr, Zs] = 0;
(2) [Zr, uαt ] = 0;
(3) [Zr, u[O(~x)]] = γru[O(~x+r~c)] for some γr ∈ Q(v).
(4) [Tr, u[O(~x)]] =
[2r]
r
u[O(~x+r~c)], where [2r] = (v
2r − v−2r)/(v − v−1).
(5) [Θr~c, u[O(n~c)]] = (1− v−4)
∑
1≤i≤r
v2iu[O((n+i)~c)]Θ(r−i)~c.
Proof. The relations (1)–(4) hold since they hold in each q-component for q ∈ Q; see
[4].
We now prove (5). For each finite field k = Fq, the well-known embedding
coh-P1(k) → coh-Xk induces an algebra embedding between their Ringel–Hall al-
gebras which takes Θr,q 7→ Θr~c,q and [O(n)] 7→ [O(n~c)]; see [4, Lem. 5.20]. Hence, it
suffices to show that the equality
[Θr,q, [O(n)]] = (1− v−4)
∑
1≤i≤r
v2i[O((n+ i))]Θr−i,q(5.3)
holds in the Ringel–Hall algebra of P1(k), where v =
√
q. Consider the generating
functions
Θ(s) = 1 +
∑
i≥1
Θi,qs
i, T(s) = 1 +
∑
i≥1
Ti
[i]v
si, and O(t) = 1 +
∑
i≥1
[O(i)]ti,
where [i]v = (v
i − v−i)/(v − v−1). By the proof of [29, Ex. 4.12],
Θ(s) = exp(T(vs)− T(v−1s)) and [T(s),O(t)] = −O(t) log(1− s
vt
)(1 − vs
t
).
Hence,
[T(vs)− T(v−1s),O(t)] = O(t) log 1−
s
v2t
1− v2s
t
.
This implies that
Θ(s)O(t) = O(t)Θ(s)
1− s
v2t
1− v2s
t
.
Then (5.3) follows from the equality
1− s
v2t
1− v2s
t
= 1 + (1− v−4)
∑
i≥1
v2i
si
ti
.

5.2. Extended generic Hall algebra. For each prime power q ∈ Q, let K0(Xq) be
the Grothendieck group of coh-Xq. It is well known that K0(Xq) is independent of q.
Thus, we simply write K0(X) for K0(Xq). Finally, set
δ := [O(~c)]− [O] ∈ K0(X).
Furthermore, we denote by K = Q[v,v−1][K0(X)] the group algebra of K0(X). To
avoid possible confusion, we write K[M ] instead of [M ] for each M ∈ coh-X. Further-
more, for each decomposition sequence α in S, we simply set Kα = K[Sq(α,z)] in K for
q ≫ 0. We equip the Q[v,v−1]-module H˜v(X) := Hv(X)⊗Q[v,v−1] K with an algebra
structure (containing Hv(X) and K as subalgebras) by imposing the relations
KauαK
−1
a = v
(a,α)uα, ∀α ∈ S,a ∈ K0(X).
18 BANGMING DENG AND SHIQUAN RUAN
For each q ∈ Q, denote by H˜(Xq) the extended version of H(Xq), that is,
H˜(Xq) = H(Xq)⊗Q[vq,v−1q ] Q[vq, v
−1
q ][K0(X)].
Then the embedding of Q[v,v−1]-algebras
Φ : Hv(X) −→ Ĥ(X) =
∏
q∈Q
H(Xq)/I
extends to an embedding
Φ˜ : H˜v(X) −→
∏
q∈Q
H˜(Xq)/I˜, uαKa 7−→ ([Sq(α, z)]Ka)q,
where I˜ denotes the ideal of ∏q H˜(Xq) generated by the elements (aq)q with aq = 0
for q ≫ 0. We view H˜v(X) as a subalgebra of
∏
q H˜(Xq)/I˜ and denote by H˜v(X) the
Q[v,v−1]-subalgebra generated by H˜v(X) together with Zr for r ≥ 1. Finally, we set
H˜v(X) = H˜v(X)⊗Q[v,v−1] Q(v) = Hv(X)⊗Q(v) Q(v)[K0(X)].
Both H˜v(X) and H˜v(X) are called the extended generic Hall algebras of X.
The topological comultiplications ∆q on the Hall algebra H˜(Xq) for all q ∈ Q
induce a topological comultiplication ∆ on
∏
q H˜(Xq) by ∆((aq)q) = (∆q(aq))q, where
aq ∈ H˜(Xq). It is easy to see that I˜ is a coideal. Hence, it induces a topological
comultiplication on the quotient
∏
q H˜(Xq)/I˜, which is still denoted by ∆.
Proposition 5.6. We have the following formulas in H˜v(X):
(1) ∆(uγKa) =
∑
α,β
v〈α,β〉ϕγα,β
aαaβ
aγ
uαKβ+a ⊗ uβKa for γ ∈ χt and a ∈ K0(X);
(2) ∆(u[O]) = u[O] ⊗ 1 +
∑
~x∈L+
Θ~xK[O(−~x)] ⊗ u[O(−~x)];
(3) ∆(Zr) = Zr ⊗ 1 +Krδ ⊗ Zr for r ≥ 1.
Proof. By definition, it suffices to show that each formula holds for any finite field k
with q := |k| ≫ 0. Thus, the formulas (2) and (3) follow directly from [4].
We now prove (1). Since for z = zγ,q, both subsheaves and quotient sheaves of
Sq(γ, z) are again torsion sheaves with supports in z, we have
∆q([Sq(γ, z)]Ka)
=
∑
α,β
v〈α,β〉q F
Sq(γ,z)
Sq(α,z),Sq(β,z)
aSq(α,z)aSq(β,z)
aSq(γ,z)
[Sq(α, z)]Kβ+a ⊗ [Sq(β, z)]Ka
=
∑
α,β
v〈α,β〉q ϕ
γ
α,β(q)
aα(q)aβ(q)
aγ(q)
[Sq(α, z)]Kβ+a ⊗ [Sq(β, z)]Ka.

Proposition 5.7. The comultiplication ∆ induces a topological bialgebra structure
on the extended generic Hall algebra H˜v(X).
Proof. By Proposition 5.6, for r ≥ 1 and α ∈ χt, ∆(Zr) and ∆(uαKa) belong to
the completion H˜v(X)⊗̂H˜v(X). It suffices to show that ∆(uα) ∈ H˜v(X)⊗̂H˜v(X)
for α ∈ χf . Note that for each q ∈ Q, the category vect-Xq can be generated by
line bundles. It is reduced to prove that ∆(u[O(~x)]) belongs to H˜v(X)⊗̂H˜v(X). Since
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H˜v(X) is closed under grading shift by ~x; see [4, Cor. 5.18], the assertion follows from
Propositions 5.3, Proposition 5.6(2), and the fact that Θ~x ∈Hv(X) for all ~x ∈ L+. 
5.3. Drinfeld double of extended generic Hall algebra. By [11], for each q ∈ Q,
there is a paring (called the Green’s pairing)
{−,−}q : H˜(Xq)× H˜(Xq) −→ Q[vq, v−1q ]
on H˜(Xq) defined by
{[S]Ka, [S′]Kb}k = v(a,b)q
δS,S′
aS
∀S, S′ ∈ coh-Xq, a,b ∈ K0(X).
Moreover, this pairing is non-degenerate and symmetric, and satisfies
{ab, c}q = {a⊗ b,∆q(c)}q ∀ a, b, c ∈ H˜(Xq).
They give rise to a pairing
{−,−} :
∏
q
H˜(Xq)×
∏
q
H˜(Xq) −→
∏
q
Q[vq, v
−1
q ]
defined by
{(aq)q, (bq)q} = ({aq, bq}q)q.
It is easy to see that
⊕
q Q[vq, v
−1
q ] is an ideal of
∏
q Q[vq, v
−1
q ], and we denote the
quotient ring by Q˜. Finally, we obtain a pairing
{−,−} : (∏
q
H˜(Xq)/I˜
)⊗ (∏
q
H˜(Xq)/I˜
) −→ Q˜(5.4)
satisfying that
{(aq)q(bq)q, (cq)q} = {(aq)q ⊗ (bq)q,∆((cq)q)}q, ∀ (aq)q, (bq)q, (cq)q ∈
∏
q
H˜(Xq)/I˜.
Now we recall some notations from [4]. For each 1 ≤ i ≤ t and r > 0, define
defxi =
[r]2
r
( 1
v2rpi − 1 −
1
v2r − 1
)
which is the defect of the exceptional point xi when specializing v to vq, where
[r] = (vr − v−r)/(v − v−1).
Proposition 5.8. We have the following equalities:
(1) {Zr, Zs} = δr,s( 1v−v−1
[2r]
r
+
∑
i∈I defxi), ∀ r, s ≥ 1;
(2) {uαKa, uβKb} = v(a,b) δα,βaα , ∀α,β ∈ S, a,b ∈ K0(X);
(3) For ~x =
∑
i∈I li~xi+l~c ∈ L+ and α = (α, λ) ∈ S with λ = ((λ(1), d1), . . . , (λ(r), dr)),
{uα,Θ~x} = 0 or equals to
v(α,α)+l+m
aα
∏
1≤s≤r,λ(s) 6=∅
(1− v−2ds)
∏
i∈I,(mi,li)6=(0,0)
(1− v−2);
see (2.5) for the notations.
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Proof. By definition, it suffices to show that each equality holds for q ∈ Q with q ≫ 0.
Then (1) follows from [4, Prop. 6.3] and (2) can be proved by an easy calculation.
(3) For each q ∈ Q and z = zα,q ∈ XFq(d),
Sq(α, z) = Sq(α)⊕ (⊕1≤s≤rSq(λ(s), zs)),
so {[Sq(α, z)],Θ~x,q}q 6= 0 if and only if [Sq(α, z)] occurs in the expression of Θ~x,q in
(2.5). This happens only if detα := detα +
∑
1≤s≤r |λ(s)|ds~c = ~x and the length of
λ(s) is 1 for each 1 ≤ s ≤ r. In this case, the coefficient of [Sq(α, z)] is given by
vl+mq
∏
1≤s≤r,λ(s) 6=∅
(1− v−2dsq )
∏
i∈I,(mi,li)6=(0,0)
(1− v−2q ).
On the other hand,
{[Sq(α, z)], [Sq(α, z)]}q = v
(α,α)
q
aSq(α,z)
.
This completes the proof.

Our next goal is to introduce the reduced Drinfeld double of the topological bial-
gebra H˜v(X) = H˜v(X)⊗Q(v)Q(v). By Proposition 5.8, the pairing in (5.4) induces a
pairing
{−,−} : H˜v(X)× H˜v(X) −→ Q(v).
Consider the pair of Q(v)-algebras H˜
±
v (X) with bases{
u±αZ
±
l K
±
a | α ∈ S, l ∈ L,a ∈ K0(X)
}
.
The Drinfeld double of the topological bialgebra H˜
±
v (X) with respect to the pairing
{−,−} is the associative algebra D˜Hv(X), defined as the free product of algebras
H˜
+
v (X) and H˜
−
v (X) subject to the relations
R(a, b) :
∑
a−1 b
+
2 {a2, b1} =
∑
b+1 a
−
2 {a1, b2},
where a, b ∈ H˜v(X), ∆(a) =
∑
a1 ⊗ a2, and ∆(b) =
∑
b1 ⊗ b2. The reduced Drinfeld
double DHv(X) is the quotient of D˜Hv(X) = H˜
+
v (X) ⊗ H˜
−
v (X) by the Hopf ideal
generated by K+a ⊗K−−a−1⊗1 for a ∈ K0(X). We then have the following triangular
decomposition of DHv(X) as Q(v)-vector spaces
H
+
v (X)⊗Q(v) K⊗Q(v) H−v (X)
∼=−→ DHv(X),
where K = Q(v)[K0(X)]. For each a ∈ K0(X), we will write
Ka = K
+
a ⊗ 1 = 1⊗K−a ∈ DHv(X).
Remarks 5.9. (1) Let Cv(X) denote the Q(v)-subalgebra of Hv(X) = Hv(X)⊗Q(v)
generated by u[O(l~c)] for l ∈ Z, u[Si,j ] for i ∈ I, 0 ≤ j ≤ pi− 1, and Tr for r ≥ 1, called
the generic composition algebra of X. It was shown that [28, Th. 5.3] that Cv(X) is
isomorphic to a quantized loop algebra Uv(n̂).
(2) In [9], Dou, Jiang and Xiao proved that for any field k with q elements, the
double Ringel–Hall algebra of H(Xk) provides a realization of the quantized loop
algebra Uvq (L g) (over C, specialized at v = vq =
√
q) of the simple Lie algebra g
associated with Xk. Let DCv(X) be the subalgebra of DHv(X) generated by the set{
u±[O(l~c)], u
±
[Si,j ]
, T±r ,K
±
a | l ∈ Z, i ∈ I, 0 ≤ j ≤ pi − 1, r ≥ 1,a ∈ K0(X)
}
,
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called the generic Drinfeld double composition algebra of X. We would expect a
generic version of the isomorphism given in [9, Th. 5.5], that is, there is a Q(v)-
algebra isomorphism Uv(L g)→ DCv(X).
6. Hall polynomials for tame quivers
In this section we first define decomposition sequences for a tame quiver Q analo-
gously as in Section 3 and then use Theorem 3.3 together with [6, Prop. 5] to prove
the existence of Hall polynomials for each triple of decomposition sequences for Q.
This not only refines the main theorem in [14], but also confirms a conjecture in [3,
Conj. 3.4].
Throughout this section, Q = (Q0, Q1) denotes an acyclic tame quiver, that is, Q
contains no oriented cycles and the underlying diagram of Q is an extended Dynkin
diagram of type A˜, D˜ and E˜. Let kQ be the path algebra of Q over a field k. By
mod kQ we denote the category of finite dimensional (left) kQ-modules. It is well
known from [8] that the subcategory ind kQ of indecomposable kQ-modules admits
a disjoint decomposition
ind kQ = Pk ∪Rk ∪ Ik,
where Pk (resp., Rk,Ik) denotes the subcategories of indecomposable preprojective
(resp., regular, preinjective) modules. Moreover, Rk consists of finitely many non-
homogeneous tubes and infinitely many homogeneous tubes which are parameterized
by a subset Hk of P
1(k).
Similar to Section 3, we denote by Ξ = Ξ(kQ) the set of isoclasses of kQ-modules
which clearly depends on the ground field k. Let ΞP , ΞR and ΞI be the subsets of Ξ
consisting of the isoclasses of preprojective, regular and preinjective modules, respec-
tively. Further, let Ξnh be the subset of Ξ formed by the isoclasses of kQ-modules
without homogeneous regular summands. Hence, the set Ξnh can be described com-
binatorially and is independent of k. Moreover, each module whose summands lie in
a single homogeneous tube is determined by a partition. For each α ∈ Ξ, we fix a
representative Mk(α) in the class α. Given α, β ∈ Ξ, we write α⊕ β for the isoclass
of Mk(α)⊕Mk(β). Thus, each α ∈ Ξ can be uniquely written as α = αP ⊕ αR ⊕ αI
with αP ∈ ΞP , αR ∈ ΞR, and αI ∈ ΞI .
A decomposition sequence of type d = (d1, . . . , dr) for Q is a pair α = (α, λ), where
α ∈ Ξnh and λ is a Segre sequence of type d (see Section 3 for the definition). For
each Segre sequence λ of type d and z = (z1, . . . , zr) ∈ Xk(d), define
Mk(λ, z) :=
r⊕
i=1
Mk(λ
(i), zi) ∈ mod kQ,
whereMk(λ
(i), zi) is the regular kQ-module in the homogeneous tube associated with
the point zi determined by the partition λ
(i). Further, for each decomposition se-
quence α = (α, λ) of type d, define
Mk(α, z) :=Mk(α)⊕Mk(λ, z).
Finally, by M = M(Q) we denote the set of all decomposition sequences for Q via
identifying (α, λ) and (α, µ), where λ is obtained from µ by inserting and removing
some pairs (∅, d); see Remark 3.1. Further, we define the subsets MP , MR and MI
of M in a natural sense. Each α ∈ M can be written as α = αP ⊕ αR ⊕ αI with
αP ∈ MP , αR ∈ MR and αI ∈ MI .
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Definition 6.1. Given α,β,γ ∈ M =M(Q) of type d, if there exists a polynomial
ψγα,β ∈ Z[T ] such that for each finite field k with q := |k| ≫ 0,
ψγα,β(q) = F
Mk(γ,z)
Mk(α,z),Mk(β,z)
for all z ∈ Xk(d),
then the Hall polynomial ψγα,β is said to exist for α, β and γ.
The main aim of this section is to prove the existence of Hall polynomials for the
tame quiver Q. We need some preparation.
Let Xk be a weighted projective line associated with the tame quiver Q in the
sense that there exists an equivalence Db(coh-Xk) ∼= Db(kQ-mod) of the bounded
derived categories. More precisely, there exists a tilting bundle Tk in coh-Xk, whose
summands form a complete slice in the Auslander–Reiten quiver of vect-Xk, such
that the endomorphism algebra of Tk is isomorphic to the path algebra kQ. Let
F (Tk) be the torsion-free class of coh-Xk induced by Tk which consists of the sheaves
Sk ∈ coh-Xk satisfying Hom(Tk, Sk) = 0. Since Tk is a vector bundle, it is easily seen
that F (Tk) is a full subcategory of vect-Xk, which can be described combinatorially
and is independent of the field k. Thus, we will drop the index k and view F (T )
as a subset of S. Let T (T ) be the subset of S consisting of α ∈ S such that
Mk(α, z) is generated by Tk for each z ∈ Xk(d), where d is the type of α. Then each
decomposition sequence α admits a decomposition α = α+ ⊕ α− with α+ ∈ T (T )
and α− ∈ F (T ). Moreover, T induces bijections Ψ1 : T (T ) → MP⊕R (preserving
the Segre sequence) and Ψ2 : F (T )→MI . As a consequence, the functor Hom(T,−)
induces a triangulated equivalence of bounded derived categories
RHom(T,−) : Db(coh-Xk) −→ Db(kQ-mod).
Let DH(kQ) and DH(Xk) denote the double Ringel–Hall algebras of kQ and Xk
over the field Q(vq), respectively; see [32, 4, 9]. Applying [6, Prop. 5] gives the
following result.
Lemma 6.2. There exists a Q(vq)-algebra isomorphism
DH(kQ)
∼=−→ DH(Xk),
which takes
[Mk(θP ⊕ θR, z)]+ 7−→ [Sk(θ+, z)]+,
[Mk(θI , z)]
+ 7−→ v−〈θ−,θ−〉q [Sk(θ−, z)]−Kθ− ;
where θ = θP ⊕ θR ⊕ θI ∈ M of type d, z ∈ Xk(d), θ+ = Ψ−11 (θP ⊕ θR), and
θ− = Ψ
−1
2 (θI).
Now let Hv(T ) be the Q(v)-submodule of DHv(X) spanned by the set
{u+αZ+l u−βKa | α ∈ T (T ), l ∈ L, β ∈ F (T ), a ∈ K0(X)}.
Proposition 6.3. Hv(T ) is a Q(v)-subalgebra of DHv(X).
Proof. Since the torsion (resp., torsion-free) class induced by T is closed under ex-
tension, the Q(v)-submodule of DHv(X) spanned by u
+
αZ
+
l for α ∈ T (T ) (resp., by
u−βKa for β ∈ F (T ) and a ∈ K0(X)) is a subalgebra of DHv(X). Hence, we only
need to show that u−βu
+
αZ
+
l ∈Hv(T ) for α ∈ T (T ), l ∈ L, and β ∈ F (T ).
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Take β ∈ F (T ) and write ∆(uβ) =
∑
b1 ⊗ b2. Since F (T ) is closed under subob-
jects, all the b2 are generated by uβ with β ∈ F (T ). Then
u−βZ
+
r = Z
+
r u
−
β +
∑
{Zr, b1}b−2 ∈Hv(T ).
It remains to show u−βu
+
α ∈ Hv(T ) for α ∈ T (T ), β ∈ F (T ). Assume ∆(uα) =∑
a1 ⊗ a2. Then the a1 are generated by uα,α ∈ T (T ) and Zr, r ≥ 1. By the
defining relation R(uα, uβ) in DHv(X), we have
u−βu
+
α =
∑
{a2, b1}a+1 b−2 ,(6.1)
where ∆(uβ) =
∑
b1⊗b2 and a+1 b−2 ∈Hv(T ). We need to show that the sum is finite.
Since uα = uαfuαt , we only need to consider the following two cases:
Case 1 : α ∈ St. In this case, a1 and a2 are generated by uα, α ∈ T (T ). Hence,
there are only finitely many choices of a1 and a2 since their degrees are bounded by
degα. Furthermore, there are only finitely many b1’s such that {a2, b1} 6= 0. This
forces that there are finitely many choices of b2 which give nonzero terms in the right
hand side of (6.1).
Case 2 : α ∈ Sf . In this case, each term a2 can be assumed to have the form uγ for
some γ ∈ Sf . Then {a2, b1} 6= 0 implies that b1 = cγuγ for some cγ ∈ Q(v). Thus,
there are an epimorphism Sk(β) ։ Sk(γ) and a monomorphism Sk(γ) ֌ Sk(α),
which ensures that there are only finitely many choices of γ and so for a2. Hence,
there are finitely many triples (a2, b1, b2) which contribute a nonzero term in (6.1). 
Since all the exceptional simple sheaves belong to the torsion classes, we obtain by
an argument similar to that in the proof of Proposition 5.4 that the two sets
{u+αT+l u−βKa} and {u+αΘ+l u−βKa},
where α ∈ T (T ), l ∈ L, β ∈ F (T ), and a ∈ K0(X), are both Q(v)-bases of Hv(T ).
A rational function φ(v) = f(v)/g(v) ∈ Q(v) is said to be nearly integral if
f(v), g(v) ∈ Z[v] and g(v) is monic. We say that an element a ∈ Hv(X) is gen-
erated by a set X with nearly integral coefficients if a is a linear combination of
monomials of elements in X whose coefficients are nearly integral functions.
Lemma 6.4. For each θ ∈ F (T ), the element uθ ∈ Hv(X) can be generated by
{u[O(~x)] | ~x ∈ L} with nearly integral coefficients.
Proof. By the assumption, Sk(θ) = E is a vector bundle. If E is decomposable,
then E can be written as E =
⊕
1≤i≤r
Elii , where Ei are indecomposable satisfying
Hom(Ei, Ej) = 0 for i > j. Then
u[E] = v
−
∑
1<i≤r
lili−1−
∑
i<j
lilj〈Ei,Ej〉ul1[E1]
[l1]!
. . .
ulr[Er]
[lr]!
.
Thus, it suffices to prove the assertion in the case where E is indecomposable.
Now suppose that E is indecomposable. By Lemma 2.1, for each finite field k = Fq,
there is an exact sequence
0 −→ L −→ E −→ F −→ 0
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in vect-Xk such that L is a line bundle and Ext
1(F,L) ∼= k. Then, in the Ringel–Hall
algebra H(Xk), we have the equalities
[L][F ] = v〈L,F 〉q [L⊕ F ] and
[F ][L] = v〈F,L〉q (v
2〈L,F 〉
q [L⊕ F ] +
v2q − 1
aF
[E]) = v−1q (v
〈L,F 〉[L][F ] +
v2q − 1
aF
[E]).
It follows that
[E] =
vq
v2q − 1
aF [F ][L]− v
〈L,F 〉
q
v2q − 1
aF [L][F ].
In other words, we have in Hv(X),
u[E] =
v
v2 − 1aθ′u[F ]u[L] −
v〈L,F 〉
v2 − 1aθ′u[L]u[F ],
where θ′ ∈ F (T ) is defined by S(θ′) = F . Since F is a vector bundle with rank
smaller than that of E, the assertion follows from an induction on the rank of E. 
Lemma 6.5. For decomposition sequences θ ∈ F (T ) and δ ∈ T (T ), the element
u−θ u
+
δ has nearly integral coefficients with respect to the basis
{u+αΘ+l u−βKa | α ∈ T (T ), l ∈ L, β ∈ F (T ), a ∈ K0(X)}.(6.2)
Proof. By Lemma 6.4, for each γ ∈ F (T ), uγ can be generated by {u[O(~x)] | ~x ∈ L}
with nearly integral coefficients. Then by Proposition 5.6,
∆(uγ) =
∑
cγa1,γ ⊗ a2,γ(6.3)
where each a1,γ can be generated by {u[O(~x)],Θ~y | ~x ∈ L, ~y ∈ L+} with nearly
integral coefficients, and each a2,γ has the form uγ′ for some γ
′ ∈ F (T ). Since u[O(~x)]
(resp., Θ~x) can be generated by u[O(l~c)]’s (resp., Θr~c’s) and u[Si,j ]’s with nearly integral
coefficients, we conclude that the a1,γ in (6.3) can be generated by
{u[O(l~c)], u[Si,j ],Θr~c | l ∈ Z, r ∈ N, i ∈ I, 0 ≤ j ≤ pi − 1}
with nearly integral coefficients.
We first consider the following two special cases of δ.
Case 1 : δ ∈ St. In this case, ∆(uδ) =
∑
cδuδ1 ⊗ uδ2 , where δ1, δ2 ∈ St and
cδ = v
〈uδ1 ,uδ2 〉F δδ1,δ2 are nearly integral functions. Hence,
u−θ u
+
δ =
∑
cθcδ{a1,θ, uδ2}u+δ1a−2,θ,
where the coefficients cθcδ{a1,θ, uδ2} are nearly integral functions by Proposition
5.8(3).
Case 2 : δ ∈ Sf . In this case, u−θ u+δ =
∑
cθcδ{a1,θ, a2,δ}a+1,δa−2,θ. Note that a2,δ
has the form uδ′ for some δ
′ ∈ Sf . Thus, {a1,θ, a2,δ} 6= 0 if and only if uδ′ is a nonzero
term in the linear combination of a1,θ with respect to the third basis in Proposition
5.4. By Proposition 5.8, the coefficients cγcδ{a1,θ, a2,δ} are nearly integral functions.
In general, uδ has a decomposition uδ = uδfuδt , where δf ∈ Sf and δt ∈ St. Hence,
u−θ u
+
δ = u
−
θ u
+
δf
u+δt =
∑
cθcδf {a1,θ, a2,δf }a+1,δfa
−
2,θu
+
δt
=
∑
cθcδf cθ′cδt{a1,θ, a2,δf }{a1,θ′ , uδt,2}a+1,δfu
+
δt,1
a−
2,θ′
,
where each a2,θ takes the form uθ′ for some θ
′ ∈ F (T ), and the coefficients are nearly
integral.
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Finally, by the construction of Tr given in [4, Sect. 6], we obtain that for each
i ∈ I, [u[Si,j ], Tr] can be generated by u[Si,s], 0 ≤ s ≤ pi − 1, with nearly integral
coefficients. An analogous result holds for [uSi,j ,Θr~c] by using (5.2). This together
with Proposition 5.5 (5) completes the proof.

Theorem 6.6. For arbitrary α,β,γ ∈ M of type d, the Hall polynomial ψγα,β exists.
Proof. For each θ ∈ M of type d, write θ = θP ⊕ θR ⊕ θI . Further, set
θ+ = Ψ
−1
1 (θP ⊕ θR) ∈ T (T ) and θ− = Ψ−12 (θI) ∈ F (T ).
Combining with Proposition 5.5 and Lemma 6.5, we obtain that in the expression
of the product (u+α+u
−
α−
)(u+β+
u−β−
) with respect of the basis (6.2) of Hv(T ), the
coefficient of u+γ+u
−
γ−
Kα−+β−−γ− is a nearly integral function ξ
γ
α,β(v). For each
finite field k with q = |k| ≫ 0 and z ∈ Xk(d), we take a total ordering 4 in Hk so
that z = zα,q = zβ,q = zγ,q in defining the embedding Φ in Proposition 5.2. Then
ξγα,β(vq) is the coefficient of the basis element [Sk(γ+, z)]
+[Sk(γ−, z)]
−Kα−+β−−γ−
in the expression of the product
([Sk(α+, z)]
+[Sk(α−, z)]
−)([Sk(β+, z)]
+[Sk(β−, z)]
−).
By Lemma 6.2, there exists an integer l(α,β,γ), depending on α,β and γ, such
that v
l(α,β,γ)
q ξ
γ
α,β(vq) is the coefficient of the basis element [Mk(γ, z)]
+ in the prod-
uct [Mk(α, z)]
+[Mk(β, z)]
+. Set ηγα,β(v) = v
l(α,β,γ)ξγα,β(v), which is again a nearly
integral function. Then, by the definition of the multiplication in the Ringel–Hall al-
gebra H(kQ) of kQ, ηγα,β(v) takes integer values at vq =
√
q for prime powers q ≫ 0.
This forces that ηγα,β(v) is an integer polynomial in v
2, that is, there is a polynomial
ψγα,β(T ) ∈ Z[T ] such that ψγα,β(v2) = ηγα,β(v), as desired. 
We now consider a special case of the theorem above. Let α,β ∈ M be such
that Mk(α) = I and Mk(β) = P are preinjective and preprojective kQ-modules,
respectively, where k is a finite field. Further, let d ≥ 1 and λ be a Segre sequence
of type (d) (i.e., λ is a partition). Set γ = (0, λ) ∈ M. Then χk(d) consists of
points in Hk of degree d and for each z ∈ χk(d), Iλ(z) := Mk(γ, z) is a regular
kQ-module whose summands all lie in the homogeneous tube corresponding to z.
Applying Theorem 6.6 gives the Hall polynomial ψγα,β. Therefore, for each finite field
k and z1, z2 ∈ χk(d),
F
Iλ(z1)
I,P = F
Iλ(z2)
I,P .(6.4)
Following the notation in [3, 2.5], for three kQ-modules A,B,C, set
FA,BC =
|Ext1kQ(B,A)C |
|HomkQ(B,A)| .
Since |Aut(Iλ(z1))| = |Aut(Iλ(z2))| and HomkQ(I, P ) = 0, applying Lemma 2.2 to
(6.4) gives the equality
FP,IIλ(z1) = |Ext
1
kQ(I, P )Iλ(z1)| = |Ext1kQ(I, P )Iλ(z2)| = FP,IIλ(z2)
for all z1, z2 ∈ χk(d). This is exactly the equality conjectured in [3, Conj. 3.4].
Corollary 6.7. Conjecture 3.4 in [3] holds.
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The following result is a consequence of Theorem 6.6 whose proof is analogous to
that of Corollary 4.1.
Corollary 6.8. Let k be a finite field and fix three kQ-modules M,N,Z. Then there
exists a polynomial ψZM,N ∈ Z[T ] such that for each conservative field extension K of
k relative to {M,N,Z},
ψZM,N (|K|) = FZ
K
MK ,NK .
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